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$M_{\alpha}(f)= \frac{1}{n}\sum_{i\approx 1}^{n}(f(x_{i})-y|)^{2}+\alpha\int_{\Omega}\{fae_{1}\mathrm{r}_{1}(x)^{2}+2f_{\mathrm{r}_{1}x_{2}}(x)^{2}+f_{x_{2}x\mathrm{a}}(x)^{2}\}dx$ (1)
$f\alpha\in H^{2}(\Omega)$ $x=(x_{1}, x_{2})^{T}$ ,xi $=(x_{i,1},x:,2)\subseteq$





$f(ae)\approx u\mathrm{o}(x)+\mathrm{c}0+c_{1}x_{1}+c_{2}x_{2}$ $\mathrm{u}0\in H^{1}(\Omega)$ (2)
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$\min$ $J_{\alpha}(\mathrm{u}_{0)}u_{1},u_{2}, c)$ (3)
($\nabla u_{0},$ $\nabla v\rangle=(u, \nabla v)\forall v\in H^{1}(\Omega)$ (4)
$\int_{\Omega}u_{0}dx=0$ (5)
,%0, $u_{1},$ $\mathrm{u}_{2}\in H^{1}(\Omega),$ $\mathrm{c}\in \mathbb{R}^{\theta}$
$J_{\alpha}(u_{0}, u_{1}, u_{2}, \mathrm{c})$ $=$ $\frac{1}{n}(Pu_{0}+X\mathrm{c}-\mathrm{y})^{T}(Pw+X\mathrm{c}-y)+\alpha(|u_{1}|_{1}^{2}+|u_{2}|_{1}^{2})$
$u$ $=$ $(u_{1}, u_{2})^{T}$ , $c=(c_{0}, c_{1}, c_{2})^{T}\in \mathbb{R}^{3}$ ,
$Pu_{0}$ $=$ $[u_{0}(x_{1}), \ldots, u_{0}(\mathrm{g}_{\hslash})]^{T},$ $y=[y_{1}\cdots y_{n}]^{T}\in \mathbb{R}^{n}$
$X$ $=$ $[_{\varpi_{1}}^{1}$ $::$ : $x_{n}1]^{T}\in \mathbb{R}^{n\mathrm{x}3}$ , $|u|_{1}=[ \int_{\Omega}\{(u_{l_{1}})^{2}+(u_{l},)^{2}\}d\mathrm{x}]^{1/2}$
(4) $u$ ,(5) $u_{0}$ $0$
$u_{j}(x)=\Sigma_{1=1}^{m}u_{j,:}b:(oe)$ , , $(x),$ $\ldots,b_{m}(x)$
$\mathrm{R}^{\theta m+S}$
$\min$ $\hat{J}_{\alpha}(u_{0},u_{1},u_{2},\mathrm{c})$ (6)
$\epsilon.t$ . $A\mathrm{u}_{0}=B_{1}\mathrm{u}_{1}+B_{2}u_{2}$ (7)
,
$\hat{J}_{a}(\mathrm{u}_{0},u_{1},u_{2},\mathrm{c})$ $=$ $\frac{1}{n}||Nu_{0}+X\mathrm{c}-y||_{2}^{2}+\alpha(\mathrm{u}_{1}^{T}Au_{1}+u_{2}^{T}Au_{2})$,
$[A]_{2,j}$ $=$ $\int_{\Omega}\{(b_{j})_{x_{1}}(b_{j})_{\mathrm{g}_{1}}+(b:)_{\mathrm{r}_{2}}(b_{j})ae,\}dx\in \mathbb{R}^{m\mathrm{x}m}$,
$[B_{k}]_{i,j}$ $=$ $\int_{\Omega}(b_{i})_{x*}b_{j}doe\in \mathbb{R}^{m\mathrm{x}m},$$k=1,2$,
$[N1:,j$ $=$ $b_{j}(x_{i})\in \mathbb{R}^{n\mathrm{x}m},$ $u_{j}=(u_{j,1}, \ldots,u_{j,m})$
$A$ $B_{1}$ $B_{2}$ , $\partial/\partial x_{1}$
$\partial/\partial x_{2}$
$w=(w_{1}, \ldots, w_{m})^{T}$ ,
$=$
$L(u_{0},u_{1},u_{2},\mathrm{c},w)=\hat{J}_{\alpha}(u_{0},u_{1},u_{2},\mathrm{c})+w^{T}(A\mathrm{u}_{0}-B_{1}\mathrm{u}_{1}-B_{2}u_{2})$ (8)
$u_{0},$ $u_{1},u_{2},$ $c,$ $w$ ,
$=$ (9)
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,M $=n^{-1}N^{T}N\in \mathbb{R}^{m\mathrm{x}m},$ $F=n^{-1}N^{T}X\in \mathbb{R}^{m\cross 3},$ $E=n^{-1}X^{T}X\in \mathbb{R}^{3\mathrm{x}3}$
$\text{ }(6),(7)\text{ },$ ( $\mathrm{u}_{0}^{*},$ $\mathrm{u}\uparrow$ , u;, c1) (6),(7)
$w\in \mathbb{R}^{m}$ ,(u6, $u_{1}^{*},$ $\mathrm{u}_{2}^{*},$ $c^{*},$ $w^{*}$ ) (9)
Neumann , -


















$b$ $=$ $- \frac{2}{n}$ $z=$
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$H$ $Q=(Q_{1}, Q_{2}, X)$
$H= \frac{2}{n}Q^{T}Q+$
$t=(t_{1},t_{2}, t_{3})^{T}\in R^{2m+3}$ $[t_{1}, t_{2}]^{T}\neq 0$
$t^{T}Ht= \frac{2}{n}t^{T}Q^{T}Qt+2\alpha t_{1}^{T}At_{1}+2\alpha t_{2}^{T}At_{2}>0$
(A , $t^{T}Q^{T}Ql=||Qt||^{2}\geq 0$ )
,[tl,t2lT=0, t3\neq 0 ,n , -
$t^{T}Ht= \frac{2}{n}t_{S}^{T}\mathrm{X}^{T}Xt_{3}>0$
H (6),(7) , -
1.2 -
,f (2) , (9) $u_{0},$ $c$
(9)
$\alpha Au_{1}-B_{1}^{T}w$ $=$ $0$ (12)
$\alpha Au_{2}-B_{2}^{T}w$ $=$ $0$ (13)
$F^{T}u_{0}+E\mathrm{c}$ $=$ $n^{-1}X^{T}y$ (14)
$Mu_{0}+Fc+Aw$ $=$ $n^{-1}N^{T}\mathrm{y}$ (15)











$(M+\alpha AG^{-1}A-FE^{-1}F^{T})u_{0}$ $=$ $n^{-1}(N^{T}y-FE^{-1}\mathrm{X}^{T}y)$ (22)
$(N^{T}(I-XB^{-1}X^{T})N+\alpha AG^{-1}A)u0$ $=$ $n^{-1}(N^{T}\mathrm{y}-FE^{-1}X^{T}y)$ (23)
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$\Rightarrow$ $0\leq \mathrm{x}^{T}B_{1}A^{-1}B_{1}^{T}\mathrm{x}=-\mathrm{x}^{T}B_{2}A^{-1}B_{2}^{T}\mathrm{x}\leq 0$
$\Rightarrow$ $\mathrm{x}^{T}B_{1}A^{-1}B_{1}^{T_{\mathrm{X}}}=\mathrm{x}^{T}B_{2}A^{-1}B_{2}^{T}\mathrm{x}=0$
$B_{1}^{T}$ $N_{1},B_{2}^{T}$ $N_{2}$ $B_{1}^{T}\mathrm{x}=0,$ $B_{2}^{T}\mathrm{x}=0$ $\mathrm{x}\in$
$N_{1}$ $N_{2}$ $[B_{1}, B_{2}]^{T}$ full column rank ,x $=0$ $G$
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